Here I shall look at things from a slightly different standpoint, being concerned not only with the groups themselves but also with the ring of integers modn in which each group in embedded. In particular I would like to examine the way in which the group structure influences the ring structure and vice versa, for the interaction between different types of structure is often a fruitful avenue to explore. I have not found it easy to decide how far to go with proofs. Both the articles referred to [1, 2] were written in the spirit of open-ended investigation, and in such situations there is a danger that an over-zealously supplied proof may spoil someone else's fun. On the other hand it is often interesting to see what sort of ideas are used in a proof and how the ideas are combined in the overall strategy. In the end I decided to prove a modified version of Saltmarsh's conjecture (his original version is very nearly true!), because this seems an appropriate response to what he wrote, but for the rest I shall proceed mainly by examples which indicate how things go, whilst still (I hope) leaving enough unsignposted territory for other people to explore if they wish.
Before looking at groups or rings I shall simply state the following lemma which will be useful later for finding both identity elements and inverses: Any solution of this equation is called an idempotent, because all its powers must be the same, viz. e = e2 = e3= e4 = Conversely, each idempotent is the identity of a multiplicative group, for the set {e} itself is such a group.
In a ring as small as Z12 it is possible to spot the idempotents using trial and error, but it is instructive to see how they can be found systematically. Suppose that e is an integer whose residue mod 12 is an idempotent. Then e2 _ e (mod 12).
(1) Hence e(e-1) = 0 (mod 12).
(2) It follows that e and e -1 must be coprime (because they are consecutive) integers whose product is a multiple of 12. Disregarding the obvious idempotent residues 0 and 1 (mod 12) which arise when one of the integers e and e -1 is itself a multiple of 12, we are left with the case when one of these integers is a multiple of 4 and the other is a multiple of 3. The next step is to apply our preliminary lemma to express the difference, 1, between e and e -1 as the difference between a multiple of 4 and a multiple of 3. The obvious way of doing this is to write Saltmarsh 's condition that k should be coprime to n? It seems to have disappeared entirely. However, it turns out that a somewhat less restrictive condition on k can be recovered as Saltmarsh suspected. I shall not provide any further proof but simply assert that if ke e G, then k is coprime to a certain factor q of n, where q is defined as the least positive integer such that qe = 0 (mod n). A further example will illustrate this point. Let G = {6,12,18, 24} (mod 30) and H= {18,36,54,72} (mod 90).
This residue belongs to H, but not to H2, which explains why HI is a group but H2 is not a group. We have seen that if G is a group, then H is a group if and only if ke E G. But what has happened to
Then G is a multiplicative group with e -6 (mod 30). The modulus n = 30, so that q = 5. We have k = 3, which is coprime to q. Despite the fact that k is not coprime to n, it is easy to check (either directly or because ke E G) that H is a group isomorphic to G. Our exploration of groups in modular arithmetic has revealed a fascinating interplay between groups and rings. Group identities led us to idempotents and we saw how to find these elements in a given ring (in our case in Z12). Conversely it is possible to start with a given integer (e.g. e = 25) and then to find a ring (e.g. 240) in which the residue of e is an idempotent. Multiples of this idempotent make up a ring R, whose group of invertible elements we examined. This led to Saltmarsh's conjecture about groups. To conclude this article I would like to return to Z2t to illustrate the strong influence which the idempotents exert on the overall structure of a (commutative) ring. The results are simple to describe, have links with vectors and geometry and offer scope for further investigations in other rings.
We saw earlier that in Z12 there are exactly two pairs of idempotents, viz. the obvious pair 0 and 1 and the potentially more interesting pair e = 4 andf= 9. We also noted that
4+9
1 and 4x9 0 (mod12).
Another striking property of this latter pair of idempotents is that each element of the ring Z2 can be expressed as a linear combination of e andf. Moreover, in each of these expressions the coefficients of e and f are unique, provided that we interpret the coefficient of e as an element of Z3 and the coefficient of f as an element of Z4. Another feature of the expressions is that if we choose an element such as 11, the coefficients are given by
11-2 (mod3) and 11 3 (mod4).
It is hard to avoid thinking of the idempotents e = 4 and f= 9 as unit vectors and the coefficients as coordinates. Who can refrain from trying to sketch the "position" of each element in the ring? Suppose we draw an "e-axis" and an "f-axis"... (Fig. 1) . We can even interpret 4 + 9 1 (mod 12) vectorially! It is clear that each of the twelve elements of /12 corresponds to one of the twelve lattice points, and because we have only a finite number of points the picture appears somewhat restricted. If we are prepared to accept a certain amount of ambiguity in the position of each element we can, of course, extend the picture by indefinite repetition to cover the whole plane (Fig. 2) . Readers who enjoy geometry may prefer a third diagram which appears to combine the advantages of both earlier ones. The great merit of the first diagram is that it shows a 1-1 correspondence between points and ring elements, a feature which is entirely lost in the second figure. Suppose that we try to preserve this 1-1 correspondence. We shall need to glue together all the points labelled 0 in the second diagram, all those labelled 1 and so on. The natural way to do this is first to roll the diagram over and over into a cylinder so that all the copies of the "f-axis" coincide. Then bend the cylinder into a torus and keep pushing it through itself until all the copies of the "e-axis" coincide. (If you think of the cylinder as a snake with a head at one end and a tail at the other, the snake must swallow its tail to form the torus. The tail then slips right down the body of the snake until it reaches the tail position when it is swallowed again... and so on.) In the end we get our third diagram, in which a ring is shown as a ringt (Fig. 3) 1), (2, 1), (1, 3), (2, 3) }.
This shows that the split in the ring structure of '12 caused by the idempotents e andfhas forced the group G,2 to decompose into a direct product G3xG4.
We have come a long way in our exploration of the interaction between groups and rings. Readers who wish to explore further might care to try the exercises which follow-and, if you are still keen on having 1977 as an identity, there is a group of order 864 in arithmetic modulo 3 906 552 all waiting for you to discover. The study of unique factorisation is almost as old as mathematics itself. The so-called Fundamental Theorem of Arithmetic, which states that every integer greater than 1 can be factorised into a product of primes in only one way, was probably the first major theorem proved. It is interesting to note that Euclid (c. 300 B.C.) did not give the result in this form. He proved (IX 14) that "if a number be the least that is measured by prime numbers, it will not be measured by any other prime number except those originally measuring it" (see [1] ).
However, it was not until the advent of abstract algebra, and in particular ring theory, that the subject took up the form in which we know it today. The fundamental concept is that of an irreducible element. This by convention is not zero nor a unit (i.e. a divisor of the identity) and is defined by the property that any factorisation of an irreducible can be further factorised to make the irreducible appear among the factors. So in Z, the ring of integers, the units are +1 and -1, and all positive and negative prime numbers are irreducible. Uniqueness is defined up to order and up to multiplication by units. For example, 6 has only the factorisations
